In this work we study linear and nonlinear cosmological interactions, which depend on dark matter and dark energy densities in the framework of General Relativity. By using the Akaike information criterion (AIC) and the Bayesian information criterion (BIC) with data from SnIa (Union 2.1 and binned JLA), H(z), BAO and CMB we compare the interacting models among themselves and analyze whether more complex interacting models are favored by these criteria. In this context, we find some suitable interactions that alleviate the coincidence problem.
Introduction
Since the seminal work of Riess and Perlmutter [1] , the astronomical observations of type Ia supernovae suggest that the late universe is in a phase of accelerated expansion driven by an unknown component dubbed dark energy. The fundamental nature of this late accelerated expansion remains unexplained, nevertheless recent observations [2] are consistent with the simplest model, the ΛCDM scenario, which establishes that the energy density of the universe is dominated now by a non-relativistic fluid (dark matter) and a cosmological constant (dark energy).
Despite the observational success of the ΛCDM scenario, this model has theoretical problems such as the fine-tuning problem and the coincidence problem [3] also there are some observational tensions recently reported, present when we use independently high redshift and low redshift data to constrain parameters [4] . Assuming that a departure of the ΛCDM scenario is needed, the simplest generalization is the so-called ωCDM model, which describes dark energy as a perfect fluid with a constant state parameter ω. Furthermore, models based on the interaction between dark matter and dark energy have been studied to describe the accelerated expansion. One of the first interacting models was proposed in Ref. [5] ; it was mainly motivated to alleviate the coincidence problem in an interacting-quintessence scenario, focusing in an asymptotic attractor behavior for the ratio of the energy densities for the dark components. Since then, many interacting models with numerical and analytical solutions have emerged [6] - [9] , including interactions with change of sign studied in Refs. [10] - [12] . A detailed review of cosmological interactions can be found in Ref. [13] and some attempts to build an interaction from an action principle in Refs. [14] . In particular Refs. [15] present analytical solutions for a wide class of more elaborated interactions where the dark components are barotropic fluids with constant state parameters. Also, the question of how to discriminate among dark energy models (degeneracy problem [16] ) has arisen in the context of interacting scenarios. In particular, there has been a debate on whether interacting models can be distinguished from modified dark energy equations of state, Chaplygin gas or modified gravity [17] , which remains an open issue.
To compare different models of a certain physical phenomenon in light of the data there are criteria, based on Occam's razor ("among competing hypotheses, the one with the fewest assumptions should be selected"). These criteria measure the goodness of fitted models compared to a base model (see Refs. [18] and [19] ). Two widely used criteria are the Akaike Information Criterion (AIC) [20] and the Bayesian Information Criterion (BIC) [21] . The first is an essentially frequentist criterion based on information theory and the second one follows from an approximation of the bayesian evidence valid for large sample size [18] .
In Cosmology AIC and BIC have been applied to discriminate cosmological models based on the penalization associated to the number of parameters that the model need to explain the data. Specifically, in Ref. [22] the author performs cosmological model selection by using AIC and BIC in order to determinate the parameter set that better fit the WMAP3 data. Following this work in Ref. [23] the author considers more general models to the early universe description in light of AIC and BIC, also including the deviance information criterion. Regarding late universe description, the authors of Ref. [24] consider different models of dark energy and use information criteria to compare among them using the Gold sample of SnIa. Later on, the authors of [25] study interacting models, with an energy density ratio proportional to a power-law of the scale factor attempting to alleviate the coincidence problem. By using AIC and BIC, they compare the models among themselves and with ΛCDM considering data from SnIa, BAO and CMB. More recently, in Ref. [26] the authors find that a particular interacting scenario is disfavored compared to ΛCDM. They study an interaction proportional to a power-law of the scale factor, by using AIC and BIC, and considering data from SnIa, H(z), BAO, Alcock-Paczynski test and CMB.
In this work we analyze eight general types of interacting models with analytical solution using Union 2.1 (or binned JLA)+H(z)+BAO+CMB data under AIC and BIC. The main goal of our work is to investigate if complex interacting models are competitive in fitting the data and whether we could distinguish among them via the model comparison approach. This paper is organized as follows: in section 2 we present and motivate eight types of interacting models with analytical solution to be revised. In section 3 we show the functions to be fitted and describe the information criteria to be used. In section 4 we present the analysis and results of the data fitting process and finally in section 5 we discuss our final remarks.
Interacting Models
We work in the framework of general relativity by considering a spatially flat Friedmann-Lemaître-Robertson-Walker universe. The Friedmann equation is written as
where H =ȧ/a is the Hubble expansion rate, a is the scale factor, the dot represents a derivative with respect to the cosmic time and we have considered 8πG = c = 1. From the energy-momentum tensor conservation we haveρ
where ρ is the total energy density and p is the effective pressure. First we consider that dark matter and dark energy are the relevant components of the total energy density at late times, i.e., ρ = ρ x + ρ m and p = p x + p m (where the subscripts x and m represent dark energy (DE) and dark matter (DM), respectively). Furthermore, we consider a barotropic equation of state for both fluids, i.e., p x = ω x ρ x and p m = ω m ρ m . To include a phenomenological interaction between these fluids, we separate the conservation Eq.(2) into two equationṡ
where γ x = 1 + ω x , γ m = 1 + ω m and Q represents the interaction function between dark matter and dark energy. Using the change of variable η = 3 ln a and defining () := d/dη, Eqs.(3) and (4) are rewritten as
with Γ = Q/3H. For Γ > 0 we have an energy transfer from DM to DE and for Γ < 0 we have the opposite energy transfer, from DE to DM. From Eqs. (5) and (6) and considering ρ = ρ x + ρ m we can write ρ x and ρ m as [15] :
with ∆ = γ m − γ x and from Eq.(2) we get that
From Eqs. (5) and (7) we obtain the "source equation" defined in Ref. [15] :
valid for γ x and γ m constants. We notice that due to (7) every Γ proportional to ρ x and/or ρ m in (9) constitutes in fact, a differential equation for the variable ρ. Also, it is worth to mention that Eq.(9) can be rewritten as a differential equation in terms of the deceleration parameter or in terms of a variable state parameter in a holographic context [27] . In this work we study eight types of interaction [10, 15] , defined as:
x /(ρ m + ρ x ), Γ 6 = αρ, Γ 7 = αρ and Γ 8 = αqρ = −α(ρ + 3ρ /2), where q = − 1 +Ḣ H 2 is the deceleration parameter, ρ is the total energy density and α, β are constants.
By rewriting Eq.(9) as
it includes the eight types of interaction we are interested in, where the constants b 1 , b 2 , b 3 are different combinations of the relevant parameters depending on the particular interaction; see Table 1 . The general solution of Eq.(10) takes the form
The integration constants in (11) are given by
and
where H 0 and Ω x0 are the Hubble parameter and the value of the density parameter for DE today (i.e. Ω x0 = ρ x0 /3H 2 0 ), respectively. Interaction
The nature of cosmic interaction remains unknown, however, physical motivation to study most of the interactions in Table 1 can be found in the literature. These interactions are worth to study because it has been shown that most of them could alleviate the coincidence problem [15, 28] . It was demonstrated in Ref. [29] that an interaction proportional to Hρ x could be consistent with the second law of thermodynamics if the energy transfer is from DE to DM, also, in Ref. [30] it was shown that interactions proportional to H(ρ m + ρ x ) or Hρ m can arise by imposing simple thermodynamic arguments based on the evolution of the ratio ρ m /ρ x . For interactions proportional to ρ m , ρ x or a linear combination of both, we note from Eqs. (3) and (4) , that these interactions can be rewritten in terms of interactions proportional to a linear combination of ρ m and ρ x . We can find a physical motivation to nonlinear interactions in Ref. [31] , in the context of holographic interacting models. On the other hand, sign-changeable interaction was found to be preferred by the data in Refs. [11] - [12] . It has also been shown that a late-time interaction can alleviate the tension that arises in ΛCDM between the Hubble constant measurements from Planck and the Hubble Space Telescope [32] . In Refs. [33] it was shown that interaction proportional to Hρ m , Hρ x and Hρ m ρ x /(ρ m +ρ x ) can have stable cosmological perturbations during the whole expansion history, i.e. these interactions could consistently describe the linear evolution of growing structures, without large-scale instabilities.
On the other hand, the effective energy density (11) associated to the general solution of our interactions has an effective pressure (8) corresponding to a variable modified Chaplygin gas [34] given by
This means that the considered interactions can be interpreted as a single fluid model in a unified description of the dark sector inherently.
Also, the effective energy density (11) can be interpreted as a non-interacting description of the dark sector with a variable barotropic index for the dark energy component given by
where ρ m0 and ρ x0 are, respectively, the current values of the DM and DE densities. The inverse approach has been considered in Ref. [35] , where the relation between a given variable state parameter and a reconstructed interaction has been addressed using Gaussian processes. The solution in Eq. (11) is valid for late-time evolution, nevertheless if we are interested in data from BAO and/or CMB, which consider high redshifts, we need to take into account the radiation contribution in the equations as well as the baryons contribution. If we consider from here on ρ = ρ m + ρ x + ρ r + ρ b , with ρ r the energy density of relativistic matter and ρ b the energy density of baryons, which we assume are non-interacting with the dark fluids, then the solution of Eq. (10) is given by
where Ω r0 and Ω b0 are the current values of the density parameters for radiation and baryons, respectively, and the constants C 1 and C 2 (for interactions Γ 1 to Γ 5 ) are modified to
The values of b 1 , b 2 , b 3 are the same for both cases, including radiation and baryons or not; see Table 1 .
For interactions Γ 6 − Γ 8 we can decompose the general solution into a homogeneous solution ρ h and a particular solution ρ p , then the general solution is given by ρ = ρ h + ρ p . The homogeneous part of the solution ρ h corresponds to (16) and the particular solution is given by
where
α, −α , (δ b6 , δ b7 , δ b8 ) = (2α, −2α, α) and now the constants C 1 and C 2 are given by
Additionally, to examine the coincidence problem we use the coincidence parameter r defined as
We can therefore calculate the asymptotic limit of r(a) when a tends to ∞. For all our interactions we get
a constant that depends on the state parameters and interaction parameters. The author of Ref. [15] noticed that, for a constant and positive γ x and for an interacting term proportional to ρ, ρ or ρ x , there is obtained a positive r parameter asymptotically constant, alleviating in this sense the coincidence problem. Furthermore, the authors in Ref. [28] , analyze nonlinear models Γ 3 , Γ 4 and Γ 5 , concluding that the last two interactions may alleviate the coincidence problem also. In this section we have assumed that an interacting scenario of DM and DE can be described in terms of fluids with a constant state parameter. In this sense, the source equation (9) allows us to study a family of interacting scenarios recast in a single functional form (11), where we have considered the more common linear and nonlinear interactions and also a naturally signchangeable interaction. Besides, these interactions can be interpreted, at the background level, in terms of a unified fluid description with a variable modified Chaplygin gas (14) or, in terms of a variable equation of state (15) for the dark energy component with a non-interacting dark sector.
Observational analysis and model selection
In order to constrain the interacting models, we use the following data: i) distance modulus of type Ia supernovae from: 580 data points from the Union 2.1 compilation [36] or 31 data points of binned data from the JLA compilation [37] , ii) 28 data points from H(z) data [38] . iii) For BAO data we use: the acoustic parameter (3 data points from the WiggleZ experiment [39] ) and the distance ratio (2 data points from the SDSS [40] and 1 data point from the 6dFGS surveys [41] ). From CMB data we consider the position of the first peak in the CMB anisotropy spectrum [42] .
To fit the cosmological models to the data we use the Chi-square method. Each dataset (SnIa, H(z), WiggleZ, SDSS, 6dFGS and CMB) has a corresponding Chi-square function (χ
CMB ) which is used to calculate the overall χ 2 function. These functions are defined according to each dataset.
For SnIa we have the χ 2 function defined as
where µ is the distance modulus defined in appendix (A1), "th" represents the theoretical function, "obs" the observed value, σ µ i is the uncertainty associated to the observed value and N Sn is the data number of SnIa in the compilation of Union 2.1 or the number of binned data for the JLA compilation. Similarly, for H(z) we have the χ 2 function for the Hubble expansion rate (A3):
where N H is the data number of H(z) data. For BAO's measurements we have χ
In the case of WiggleZ we use the inverse of the covariance matrix C −1
where A th is the theoretical acoustic parameter defined in the appendix (A4), the observational values of this parameter are given by A obs = (0.474, 0.442, 0.424) at redshifts z = (0.44, 0.6, 0.73), respectively, and 
Analogously, for SDSS [40] we have 
The data point of the 6dFGS is given by
with the observed distance ratio d obs = 0.336 and σ d = 0.015, at redshift z = 0.106 [41] . Finally, we consider the position of the first peak of the CMB anisotropy as a background data coming from early universe's physics. It is common to consider also the shift parameter, but the derivation of this parameter is assuming a ΛCDM scenario today [43] . It is more consistent to consider only the position of the first peak to test interacting models because it only depends on pre-recombination physics (see the discussion in Refs. [44] ) and in this sense, it can be considered in our work as a good approximation. The χ 2 contribution of the position of the first peak l 1 is given by
where l 1th is the position of the first peak defined in the appendix (A11), l 1obs is the observed position of the first peak, l 1obs = 220.0 and σ l = 0.5 [42] . In order to find the best fit model parameters we perform a joint analysis using all the data, we minimize the overall χ 2 function defined as
Each Chi-squared function depends on the parameters of the model. Based on statistical analysis we can determine which models are "better" taking into account how many parameters do the models need and how well do they fit the data. In this work we use two criteria, the Akaike Information Criterion (AIC) and the Bayesian Information Criterion (BIC). The AIC parameter is defined through the relation [20] :
where d is the number of free parameters in the model and χ 2 min is the minimum value of the χ 2 function. The "preferred model" for this criterion is the one with the smaller value of AIC. This criterion "penalizes" models according to the number of free parameters that they have. To compare the model k with the model l, we calculate ∆AIC kl = AIC k − AIC l , which can be interpreted as "evidence in favor" of the model k compared to the model l. For 0 ≤ ∆AIC kl < 2 we have "strong evidence in favor" of model k, for 4 < ∆AIC kl ≤ 7 there is "little evidence in favor" of the model k, and for ∆AIC kl > 10 there is basically "no evidence in favor" of model k [23] .
On the other hand, the Bayesian criterion is defined through the relation
where N is the number of data points. Similarly to ∆AIC kl , ∆BIC ij = BIC i − BIC j can be interpreted as "evidence against" the model i compared to the model j. For 0 ≤ ∆BIC ij < 2 there is "not enough evidence against" the model i, for 2 ≤ ∆BIC ij < 6 there is "evidence against" the model i and for 6 ≤ ∆BIC ij < 10 there is "strong evidence against" model i [23].
Analysis and results
For model fitting we use the Chi-Square method with the Levenberg-Marquardt algorithm implemented in the package lmfit of Python. . We use the combined datasets Union 2.1 (or binned JLA), H(z), BAO and CMB for the data fitting and we restrict our analysis to a maximum of four free parameters for each model.
We consider two possible scenarios, one where we fix parameters such as γ m = 1 which corresponds to a cold dark matter scenario or we fix γ m = 1 and γ x = 0 that corresponds to a Λ(t)CDM model [45] . For these scenarios we can additionally fix the parameters associated with different models of phenomenological interaction, α and/or β.
In Table 2 the best fit parameters for all the analyzed models are shown; we used a joint analysis considering Union 2.1+H(z)+BAO+CMB. The subscripts a, b, c, d, e, f , g in the models denote γ x = 0, α = 0, β = 0, α = β, γ x = α = 0, γ x = β = 0 and γ x = 0 with α = β, respectively. From Table 1 and in the context of this classification we note that Γ 2e does not correspond to an interacting model, because the parameters b 1 , b 2 and b 3 in Table 1 have fixed values in this case. Because of this, Γ 2e is not present in Tables 2 -5 . Also, we note that the only difference between Γ 1f and Γ 2g is a sign in the interaction term, thus we exclude Γ 2g from the analysis. Table 2 : Results of the data fitting using the joint analysis from Union 2.1, H(z), BAO and CMB. The error informed corresponds to 68% confidence level. Fixed means that the parameter was set to zero and the dashed lines mean that the model does not have that parameter. The derived parameters are: the current value of the deceleration parameter q 0 , the value of the effective state parameter today w eff and the calculated age of the universe in Gy. The AIC and BIC parameters are indicated in each case.
Model Ω Table 3 : Results of the data fitting using the joint analysis from Union 2.1, H(z) and BAO. The error informed corresponds to 68% confidence level. Fixed means that the parameter was set to zero and the dashed lines mean that the model does not have that parameter. The derived parameters are: the current value of the deceleration parameter q 0 , the value of the effective state parameter today w eff and the calculated age of the universe in Gy. The AIC and BIC parameters are indicated in each case.
Model Ω Table 4 : Results of the data fitting using the joint analysis from Union 2.1 and H(z).
Model Ω In Table 2 we have also included, besides interacting models, ΛCDM and ωCDM models as comparison. In this table all interacting scenarios and ωCDM model present a negative value of the barotropic index of DE (γ x ), indicating that there is a trend in favor of phantom DE models. Nevertheless, γ x is compatible with zero considering the 1σ confidence level. Besides, we note that some of the interacting parameters become smaller than 5 × 10 −5 when we include CMB data in the analysis, this is the case for Γ 1c and Γ 1d . Also, we note that interaction Γ 2a is not well constrained by the considered data and some of the interactions have a defined sign inside the 1σ region, this is the case of Γ 1b , Γ 1e , Γ 1f , Γ 2f , Γ 3a , Γ 4a , Γ 5 , Γ 5a , Γ 6a , Γ 7a and Γ 8a .
In Table 3 we show the joint analysis considering only Union 2.1+H(z)+BAO, we note that the case Γ 2a is absent because the error in the β parameter becomes too large (which we can also observe in Table 2 ). Here, γ x is negative in all the cases and most of the interacting models have the same sign in the interacting parameters as in Table 2 , but Γ 1a , Γ 2d , Γ 5 , Γ 5a . Also, in comparing Table 3 to Table 2 we note that interactions Γ 1b , Γ 1e , Γ 5 , Γ 6a , Γ 7a , Γ 8 and Γ 8a have the same order of magnitude for interacting parameters when we include CMB data. Interactions Γ 5a , Γ 6 and Γ 7 increase the values of the interacting parameter and the remaining cases reduce their absolute value in one or two orders of magnitude when we consider CMB data.
In Table 4 we show the joint analysis considering only Union 2.1 and H(z) data. We note that most of interactions have γ x > 0, indicating that it is BAO and CMB data which constrain this parameter to be negative. On the other hand, we do not include in this table interactions Γ 1b , Γ 2a , Γ 2b and Γ 5 because the error in the interaction parameters in these cases become too large, as we can see in Table 3 for Γ 1b , Γ 2b and Γ 5 and in Table 2 for Γ 2a .
In Tables 2 -4 we notice that, even though there is a deviation from the ΛCDM scenario, we obtain similar values for the current deceleration parameter q 0 , the current effective state parameter ω eff and the age of our universe for all the studied interacting scenarios.
In Table 5 we extend our analysis by considering binned data of the more recent JLA compilation of SN Ia [37] . We note that for the joint analysis using Union 2.1 or JLA compilation the results are consistent, and in light of the Bayesian information criterion, the interacting models are ordered according to the number of free parameters of each model.
In our analysis ΛCDM is the model with the lowest AIC and BIC parameters when we use data from the joint analysis of Union2.1+H(z)+BAO+CMB (Table 2 ), Union2.1+H(z)+BAO (Table  3) , Union2.1+H(z) ( Table 4) or binned JLA+H(z)+BAO+CMB (Table 5 ). From Figure 1 we see that, when the underlying model is assumed to be ΛCDM, AIC indicates that all models with three free parameters are in the region of "strong evidence in favor". Nevertheless under BIC, interacting models with four free parameters are further than having "strong evidence against" and the models of three free parameters are in the upper limit of having "evidence against". From Figures 1 and 2 , we notice a tension between AIC and BIC results, while AIC indicates there is "evidence in favor" BIC indicates that there is "evidence against" or "strong evidence against" for the same model. This is due to the fact that BIC strongly penalizes models when they have a larger number of parameters [22] .
Compared to ΛCDM, the studied interacting models have "evidence against". This is consistent with the results of Ref. [26] , where the authors conclude that the particular interacting model they study is disfavored compared to ΛCDM, also they notice that BIC is a more restrictive criteria. The model ωCDM is also incompatible with ΛCDM with respect to BIC.
If we compare the models without considering ΛCDM, the best model according to AIC and BIC is ωCDM when we consider the joint analysis of Union2.1+H(z)+ BAO+CMB. In Table 5 we consider only the more stringent criteria, BIC. Here we note that under BIC all models with three free parameters (f.p.) cannot be ruled out when we assume that ωCDM is the underlying model. In Figure 2 we see that by using BIC there is "strong evidence against" models with 4 f.p. when the base model is ωCDM, i.e., we can rule out models of 4 f.p. but not models of 3 f.p. if the best model is ωCDM. On the other hand, the best interacting model under BIC (and AIC) is Γ 8a , which has an interaction proportional to the deceleration parameter q. Among all our models, those shown in Figure 3 alleviate the coincidence problem, besides, all of them have an energy transfer from DE to DM today. In the case of Γ 8a , for z 0.7 we have an energy transfer from DM to DE and for z 0.7 the energy transfer is from DE to DM as we see in Figure 4 .
It is noteworthy to mention that interaction Γ 8a is marginally better than other interacting models according to AIC and BIC and this interaction alleviates the coincidence problem and changes sign during evolution. A similar behavior was reported in Ref. [11] where the authors separate the data in redshift bins for Q = 3Hδ, where δ is a constant fitted for each bin. The authors consider different parametrizations of the equation of state for DE and they found an oscillation of the interaction sign. Sign-changeable interactions have also been studied in Refs.
[10]- [12] , [27] .
As summary, from our analysis we notice that there are consistent interacting models that explain the data equally well than ωCDM, and an increase of the number of free parameters in interacting models, although phenomenologically interesting, is strongly penalized according to BIC in the description of the late universe.
Final Remarks
In this work we analyzed eight general types of interacting models of the dark sector with analytical solutions and compared how well they fit the joint data from Union 2.1+H(z)+BAO+CMB using the Akaike information criterion and the Bayesian information criterion. The main goal of our work was to investigate if more complex interacting models (more complex meaning models with more free parameters) are competitive in fitting the data and whether we could distinguish them via AIC and BIC.
The models in Table 1 are interesting because they are good candidates to alleviate the co- Table 2 compared to ΛCDM. Table 2 compared to the ωCDM model.
incidence problem, furthermore, the physical motivation to the studied models was discussed in section 2, where we showed that the family of interactions presented can be interpreted in terms of a variable Chaplygin gas in a unified dark sector scenario or in terms of a variable state parameter for the dark energy component. Taking into account the theoretical problems that the ΛCDM scenario presents and the observational tensions recently reported with this model [4] , we assume that a departure from the simplest model is needed. We compared a family of interacting models among themselves and with the ωCDM scenario. In our analysis we noted a tension between the results using AIC and BIC and we decided to follow the more stringent criterion, namely the BIC (Table 5 ). According to our results, under the BIC "there is not enough evidence against" any interacting model with three free parameters when we assume that the underlying model is the one which has the lowest BIC parameter, which turns out to be ωCDM. Among the interacting models, Γ 8a is the model with the lowest BIC parameter value, it corresponds to a sign-changeable interaction with γ x = 0 and γ m = 1 and it is compatible with ωCDM. Furthermore, Γ 8a is one of the models that alleviate the coincidence problem, since the value of the coincidence parameter in the future tends to a constant (see Fig. 3 ).
For the selected models we concluded that all the considered models with three free parameters are compatible among them, i.e. all they have a BIC parameter in the same range, thus these models are not distinguishable, generating in this sense a new kind of degeneracy problem. A similar behavior appears when we inspect models with four free parameters as we see in Table 5 . Furthermore, it is worth to emphasize that all the interacting models with three free parameters, besides of representing different phenomenology, adjust the data as well as the ωCDM model.
When we compare models with three free parameters to models with four free parameters (using BIC) we find "evidence against" the four free parameters models when we assume that the underlying model is a three free parameters interacting model.
Finally we conclude that an increase of the complexity of interacting models, measured through the number of free parameters, is strongly penalized according to BIC in the description of the late universe. In the near future we expect to improve this analysis by considering different parametrizations for the DE state parameter, the dark degeneracy and more sophisticated methods to constrain data, such as Monte Carlo. 
with r = ρ r /(ρ m + ρ b ) evaluated at the redshift of last scattering z ls and the radiation density given by [47] : 
where we have considered the neutrinos' contribution with N eff = 3.04 [2] . The acoustic scale l A is defined as l A = πd L (z ls ) (1 + z ls )r s (z ls ) ,
where the last scattering redshift is approximated by [50] : 
